In this paper we discuss how seasonal temperature variation and dormancy can synchronize the development of exothermic organisms. Using a simple aging model it is shown that minimal seasonal temperature variation and periods of dormancy during extreme temperature conditions are sufficient to establish stable , univoltine ovipositional cycles. Dormancy, in fact, promotes synchronous oviposition emergence. The mountain pine beetle, an important insect living in extreme temperature conditions and showing no evidence of diapause, invites direct application of this model. Simulations using mountain pine beetle parameters are used to determine temperature regimes for which stable, ovipositional cycles exist.
Introduction
Synchrony and seasonality are essential to the survival and reproduction of many poikiliothermic organisms 1 (Logan and Bentz 1998) . Specifically, the Mountain Pine Beetle (Dendroctonus ponderosae Hopkins , MPB), an important organism in the life cycle of pine forests, must emerge as adults in the appropriate season in order to reproduce. Because their prey, conifers of the genus Pinus, have defenses against attack, MPB must attack trees en masse in order to successfully lay eggs (Bentz et. al., 1991) . This requires that the beetles not only emerge as adults at the right time of the year, but also that the beetles emerge essentially all at once. This becomes very interesting since the eggs may be laid over a 2-3 month period of
time, yet adults emerge during a much shorter two week interval (Logan and Bentz , 1999 ).
This indicates that MPB have some mechanism which helps synchronize their emergence.
Many insects use diapause to achieve synchrony and seasonality. Diapause is a state in which growth is suspended and the thermal clock is reset for poikiliothermic organisms. This means that the life cycle is synchronized and all the individuals are essentially the same age.
However, MPB show no evidence of diapause. Insects with no obvious seasonality timing mechanism, such as diapause , are believed to be under direct temperature control (Danks, 1987) . Hence, temperature alone must be responsible for the MPB and other such insects to simultaneously emerge at the appropriate time (Logan and Bentz, 1998 ).
Logan and Bentz (1999) have developed a model to study direct temperature control as a mechanism for synchrony and seasonality in MPB. The model uses the median adult emergence date as the prediction of when a population of beetles will reach maturity and reproduce. The model includes nonlinear growth curves previously suggested by Logan (1988) . If the model is begun on any day of the Julian year, say day 10 for convenience, for generation n and the "beetle" emerges on, say day 10, of the next year, then we say that generation n began on day 10 and ended on day 10 modulo 1 year, and generation (n + 1) began on day 10. Beginning a "beetle" on every day of the year and running this model over many generations shows that after a few years, successive generations emerge either on a single day every year, a finite set of days, or a cycle (sometimes complex) of days. For a detailed discussion of the model , see Logan and Bentz (1999) . The results of the model appear to be robust, suggesting that synchronization may occur for most realistic temperature cycles (Logan and Bentz, 1999) .
Each life stage in the MPB has a lethal threshold and a developmental threshold. The lethal threshold is a temperature below which the beetles cannot survive. The developmental threshold is a temperature below which beetles cannot develop, but remain dormant waiting for warmer temperatures (as described by Bentz, et. al., 1991 In the next section the mathematical model is presented. In the subsequent section we show that univoltine 2 solutions exist for an organism with 2 life stages and illustrate the synchronizing effect of dormancy . In the fourth section we present sufficient conditions for existence of a solution for an organism with N life stages. Finally we look at temperature regimes that create voltinism using both linear and nonlinear developmental rate curves and examine voltinism and cyclicity for the mountain pine beetle.
The Mathematical Model
The general developmental model for the "age", or fraction of the jth life stage completed, aj(t) , can be written as
The function Rj(T) is the rate of aging, where tis time and T(t) is the temperature at time t. The developmental age varies between 0 and 1, with tj-l being the time of completion of the (j -l)st life stage and aj(tj) = 1 (see Figure 1 ). Formally, one may write the solution for tN, the date of adult emergence, implicitly: 
Temperatures, of course, are rarely constant through the year. Taking t to be measured in years, with t = 0 at the average yearly minimum temperature (say January 30), a simple mathematical model for seasonal variation of temperature (Taylor, 1981) is
In this equation T 0 is the yearly average temperature and T 1 is the size of the seasonal contrib ution to yearly temperature swings; that is, 2T 1 is the temperature difference between the coldest and hottest parts of the year. The behavior of yearly temperature is much more complicated than this, but as has been shown by Powell, et. al. (2000) , this minimal seasonality is enough to establish voltinism. Conversely, the additional terms needed to improve the accuracy of T(t) are not, within limits , sufficient to destroy voltinism. 
where (6) In ( 6) Similarly, tj is the time at which the insect completes life stage j and begins life stage j + l.
The beginning of a dormancy period in life stage j is 6j and the end of the same dormancy period is 6i. Equation (7) can be rewritten as (8) with (9) ~2 and J 6 1 Suppose temperature is below the developmental threshold for life stage j (as in Figure 2 ).
Rj(T(t))dt expanded as
To find the points at which the temperature equa ls the threshold, set
Solving for aj gives
Du e to the periodic temperature curve, critical points occur at aj, 1 ± aj, 2 ± aj, ... , depending at what time of the year development begins.
To see why we distinguish between aj and ~j consider Figure 3 . For a beetle developing in life stage j, if the temperature goes below 0j , then the beetle stops developing until the temperature rises above 0j again. In this case zero aging begins and ends at two successive that temperature at tj-l is below 0j, then the beetles will become dormant at the beginning of life stage j and remain so until the temperature rises above 0j at which time development
for that life stage begins, a situation we refer to as a "speed bump". In this case the zero aging period is begun at tj-l and ended at one of the CXjS. (see Figure 3 -B). For both situations, we call the beginning and end of dormancy 6i and 6i, respectively. We have defined tN = G(t 0 If G ( 0) is only slightly larger than 1, then dormancy increases the likelihood of a crossing because of the regions with zero slope. Such flat regions result from t 0 beginning when temperature is below 0 1 (speed bump), when the egg is laid, the egg immediately enters dormancy and no development occurs until the temperature rises above 0 1 . Two eggs laid at different times but both while T(t) < 0 1 will be the same age when they leave dormancy and will therefore have the same emergence date, t N. Discontinuities We want to show that the curves t 2 = G(t 0 ) and t 2 = 1 + t 0 cross. Since we have a flat area in G(t 0 ) that we know ends at t = a 1 , we look for a crossing between O and a 1 . First we find an upper bound for G(t 0 ) between t 0 values of O and a 1 that crosses t 2 = 1 + t 0 at t 0 = n-1, and then we show that G(t 0 ) > l but less than the upper bound.
If we sum equations (11) and (12), weighted by -1.. and -1.., respectively we get
We know that a 1 < t 1 (since the first life stage cannot complete before development begins), and the second order Taylor expansion gives 1 -471" 2 ( t 2 -¼ )2, a parabola which is less than sin(27rt 2 ). We substitute these values into (13) to get Equation (14) is a quadratic inequality, and solving for t 2 generates upper and lower bounds as seen in Figure 6 . Using equation (13), we choose a value for t 1 that is less than 1 ( otherwise the solution is clearly not uni vol tine) and solve for t 2 • We find that there exists a value for t 2 > t 1 and less than the upper bound for t 2 
N Life Stages
For N life stages, we need only show that a solution exists, that is, we must show that the curves tN = G(t 0 ) and tN = l + t 0 cross. To do so, we show that tN has an upper bound for t 0 < a 1 and show that tN = G(t 0 ) is between 1 and the upper bound when t 0 < a 1 , forcing a crossing. It is possible that crossings exist for other values of t 0 (In fact, our numerical results indicate that this is, indeed, the case), but we will show that there exists at least one t 0 that generates a univoltine life cycle . By restricting attention to the interval prior to t = a 1 (the beginning of development) we avoid the discontinuities discussed previously.
Traditionally we measure a life cycle from the egg to the egg in the next generation. The aging equations (2) Because we want a univoltine solution, we need a bound on TN that is larger than 1. As T 1 increase this condition is more easily satisfied suggesting that large seasonal temperature swings help to promote univoltine life cycles. Because development cannot begin before 2a 1 , then to be certain that a univoltine cycle exist, TN :S 1 + 2a 1 (see figure 8 ). Setting the right hand side of (23) :S 1 + 2a 1 we find that
which for reasonable values of T 0 and T 1 is easily satisfied .
We have shown that it is possible for univoltine solutions to exist. We now use MPB parameters to find yearly temperature regimes that support the theory developed previously.
Application to MPB
MPB shows no evidence of diapause, yet maintains synchrony and appropriate seasonality . (Powell et. al., 2000) By iterating the ovipositional map for many generations we are able to determine which seasonal cycles, if any, are attracting. For the case with daily temperature fluctuations the temperatures will be modeled using the truncated Fourier series
We set T 365 = 0 for simulations which have only seasonal temperature fluctuations. Equations (2) were integrated using the trapezoid rule in MATLAB with arbitrarily chosen initial conditions, t 0 , for at least 100 generations of developmental time, and the sequence of ovipositional dates were examined for seasonality. The emergence date for each year is recorded. .
-.
-·- For organisms with many life stages, the development may be approximated by linear rate curves (Powell, et. al., 2000) , however, Logan et. al. (1976) (and many others before) provide evidence that arthropods have nonlinear developmental rate curves. Table 2 functional forms for developmental rate curves depicted in Figure 9 , followed by parameter values for the nonlinear rate curves in Table 3 .
Developmental Stage Temperature Inputs
Functional Forms for T > 0
Ps
Third Larval Instar
Fourth Larval Instar It does not remove the regions of asynchronous fractional voltinims separating regions of stable voltinism. Contrary to the model outcome using linear developmental rate curves, when daily fluctuations are added to the model with nonlinear developmental rate curves, the regions of stable voltinism are decreased (see Figure 13 ). This is due to the modal nonlinear developmental rate curves (see Figure 9 ). 
Conclusions
Seasonal synchrony and Seasonality are vital to the survival and reproduction of MPB. We see that temperature variations alone are enough to create conditions for univoltine life cycles, promoting synchrony and seasonality. Furthermore, periods in the life cycle during which an insect is dormant enhance univoltinism. As seen in the simulations, bivoltine (and multivoltine) life cycles are also possible when enough thermal energy exists in the system, i.e., high mean annual temperature with large seasonal fluctuations. Exothermic organisms with one high developmental threshold cause these cyclic solutions to be extremely stable because parameters can be varied generously while maintaining the crossing of the curves tN = l + t 0 and tN = G(t 0 ) in the flat region of G(t 0 ) . In fact, observed field temperatures do indeed create stable univoltine life cycles (Logan and Bentz, 1999) .
In this paper we have shown that univoltine solutions exist for reasonable temperature Though MPB are generally associated with temperate regions, they are expanding into warmer climates. As they do so, the asynchronous voltinism is observed due to a prolonged emergence period. This supports the hypothesis that thermal habitat is one factor limiting the southern distribution of MPB (Logan and Bentz, 1999) .
If global warming continues to cause the mean annual temperature to increase, the climate in their current habitat may warm, thrusting MPB into aynchronous fractional voltinism in those regions. Survival may force MPB to migrate into new regions that would promote integer voltine life cycles. This model could be used to determine what future habitats, based on temperature , the MPB may inhabit. Because pine forest depend on natural predators and fire to incite new growth, this model may be to study how the change in synchrony and seasonality may affect the life cycles of pine trees and other organisms in MPB habitat.
